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TRANSFORMATION OF SERIES BY MEANS OF FUNCTIONS 
ADMITTING A RECURRENT RELATION. 

Bt W. C. Bhenke. 

1. By transformation of trigonometric series certain results have been 
obtained as to the behavior of these series.* We wish to call attention to 
a generalization contained in the following theorem. 

Theorem 1. Let the function ^„ satisfy a recurrent relation of the form 

(1) v„ ^„ = «„ \^„+, + ffn in^., in = 1, 2, 3, • • •), 

where all the expressions involved are defined for each value of n, and tp^ does 
not vanish identically for any value of n. They may be constants or functions 
of a variable, x. The numbers r and s, which are independent of n, are not 
restricted to integral values, but r — s is a positive integer. 

Then the series 2Z ""« 4'h! where u^ is defined for each value of n, converges 
provided that 

(a) the series 2 { — «„ + ''"^''~ 'tt„+,-, ) \p„+r converges, and that 

n=l \ <P„ <Pn+r-s J 

B a 

(/3) either lim — m„^;'„4., = 0, or that lim — «„ ^„+^ = 0. 

We then have 

1 »=1 <Pn n=l \ <Pn <Pn+r-s J 

h 

To obtain this result we replace ^„ in the polynomial X) ^n \^n by its value 
from (1), so that 

n=l n=l \ <P„ 'Pa J »=1 'Pn »=I-r+s 'Fn-Vr-t 

hence, 

if we allow k to increase indefinitely, the theorem follows. 

* SchlomOch: Comp. d. h6h. Analysis, vol. 1, §40; Lerch: Annales de I'Ecole nonnale, ser. 3, 
vol. 12 (1895), p. 351; the writer: Annals of Mathematics, eer. 2, vol. 8 (1907), p. 87. 
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ID 

When the given series '^ u„4'n is known to converge, (/3) is a necessary 

and sufficient condition that the transfonned series (a) shall converge and 
to the value as given by (2). 

Definition. We shall refer to the results expressed in (2) as "a 

transformation of the series '^u„\l/„ by the factor ¥?„." If the series in the 

right-hand member of (2) be similarly treated and the process repeated 
p times, we define the final result as " a transformation of the original series 
by the factor ip^. ' ' 

Application. In practical applications equation (2) furnishes a con- 
vergence test for the series on the left, and also facilitates its approximate 
numerical evaluation, since it is often possible to transform a given series 
into another which converges more rapidly. Some series can be summed 
in closed form by this process. 

We shall consider cases in which i^„ is one of the functions cos nx, the 
nth polynomial of Hermite* C/„(x), the nth polynomial of Legendre X„(x), 
or the nth Bessel function J^(x). In place of (1) we take respectively, 

(a) 2 cos ihx cos nx = cos (n + ih)x + cos(n — lh)x; 

1 2r 

(b) - UM = 2^-2 U^M + 2^+2 ^»-^^) ' 

(c) xXSx) = 1^ X„,,(x) + 2^^»-:W ; 

(d) I J nix) =Ij„^,{x)+IjUx). 

Then from (2) we have 

« 1 * 

(ai) E Un cos nx = ^ ^^^ ^^^ g u„ cos (n - lh)x 

1 " 

+ ?i rr 11 (u„ + «„+ J cos (n + ih)x, 

2 cos ihx ^i " "^"^ 1 - / > 

provided that Um «„ = 0; 

(&i) 'EunUAx) = - lxu,L\{x) - E (;^^"»+i + 2nT2^"} ^'"+2*^^^' 

provided that lim k — 7-^ U^+^ix) = 0; 
«=« .^n -j- L 

^ Ml 2m2 ^ . s , 1 v^ / n + 1 , n-h2 \ 

* For an interesting application of ttiese polynomials see " Integral-gleichungen, etc.," by 
Myller-Lebedeff; Math. Ann., vol. 64 (1907), p 390. 
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provided that lim.u„X„^i{x) = 0; 

provided that 

nm5'J„,,(x) = 0; 

provided further that either one of the two infinite series in each equation 
converges. 

Formulas (hi) and (di) in general increase the convergence of the given 
series by replacing u„ by a quantitj"- of the order of magnitude of u„ -4- n. 
Formulas (ai) and (ci) are useful in increasing the convergence of slowly 
convergent alternating series. As examples we have 

^«=) E -^^cosnx = 2 + s^S^S^^^^^rifny cos (n + i)x; 

« 12 1 " If] 4- "^ 

where t; = in + 1 when n is even; i; = J(n — 1) when n is odd; 
(4) Z (- iynJ„ix) = |[J„(x) + J,(a:)], v as in (cj. 

In connection with the last example it may be remarked that every 
series of the form 

tn''J,.(x), 
where p is a positive integer, may be summed by reduction by successive 

00 

steps to the series 21 J„(a:), whose sum is given in §2 of this paper. It 

follows that the above series converges for all values of p and of x. 

As special cases we have from (ai) when a; = and from (ci) when x = 1 
respectively, 

00 1 ^ 1 * 

f\ \- 112 , ^f n+ 1 , n + 2 \ 

(cs) 2. w„ = twi + |«2 + 2. \2^;r+'i «« + 2n + 5 ^'•+^)' 

provided that lim u„ = 0, and that one of the two series in each equation 
converges. 
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Equation (a,) is the limit of a special case under (3), namely when, for 
all values of n, i^„ = 1, (p„ = 2, a,. = /3„ = 1, r — s = h. If with these special 
values we apply (3) k times in succession and if we put, symbolically, 

{Ui + U,+ ■■■ + uj(l + lij" = (u, + «2 + • • • + uj 
+ ^C,{u^+^ + ••• +Uj^) + JJiiUi^ik + • • • + u^h) 

we find 

* 1 
Stt = w, + ^ + • • • + «u = Z 57. (wi + ^<2 + • • • + «J(1 + wj"-' 

(4) ^ 

+ -k[s,A + iCi(s,.A - sj + A(Sm - SjJ + • • • + 4Cj-i(sM-S(*-m)] 

We shall show that the expression in the last line vanishes when A; = oo 
provided that the series 23 ^*» converges. 

The expression in question may be written in two parts, 

Sm + tgi(g;iA - gj + • • • + tg.(SM - Sm) 
2* 



2* 



Since S «„ converges, r can be taken so large that for sufficiently large 

values of k and for all larger values the largest of the quantities in the 
parentheses in the second fraction shall be less in absolute value than a pre- 
assigned positive quantity e. Hence the fraction itself will be less than e. 
Also, a positive constant M exists such that the first fraction is less in 
absolute value than the quantity 

and this vanishes with increasing k, no matter what the value of r. 

Hence we obtain the following transformation for any convergent series: 

(aj* i: «„ = r 4 («i + M^ + • • • + «j (1 + «.)""s 

where h is any positive integer, and we have symbolically. 



*When h = l this becomes a transformation given by L. D. Ames: "Evaluation of slowly 
convergent series," Annals of Mathematics, series 2, vol. 3 (1902), p. 185. 
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A general type of recurrent relation, of which (1) is a special case when 
r and s are integers, is contained in the equation, 

t, 

(5) P„'/'„ = 'Han,i4'„+n, 

1=1 

h being a fixed positive integer, and ri, r^, • • -r,,, any set of integers. 

Let p be a fixed positive integer such that p + r,- > 0, i = 1, 2, ■ • ■, h. 
Also let 

A _ !i' 

Then 

A- k h h «-+rj 

51 ^t,. "A^ = S S ^K,i ^.<+ri =2 1!^ ■An-n,i4'„ 
p n=p i=\ i=l n=p+ri 

h r * p+ri—\ k+Vi -I 

= Z] 'zl-A-n~ri,i4'n— Zl ^n-rj. i^,. + £ ^n-r;, i'A« T 

where anj^ summation whose upper limit is less than the lower is to be re- 
placed by one in which the upper limit is at least as large as the lower ac- 
cording to the formula 

f if r = 0, 



Z = 



- r if r < 0. 



With this convention the above transformation holds for negative and zero 
values of r< as well as for positive values. 
If now we assume that 

h k+Vi 
lim 2 Z ^n-n, I ^n = 0,* 

we have 



(6) 



CD h p+Tj — 1 to / h \ 



provided that either one of the two infinite series here involved converges. 
As an example we transform the series 21 n^Jn by means of the recurrent 

3 

relation 

/2Y 1 2 1 



* A sufficient condition is lim An-ri, « ^n = 0. 
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Then 

¥>,. = (jy-, /i = 3; r, = 2, r, = 0, 7-3 = - 2; 

1 2 1 

'^•'"n(n + 1)' ""'^-n^-,!' ""■'~n(n-l)' 

Also p may be any integer greater than 2. 
Equation (6) then becomes 

As a second simple example we transform the power series 2 ci„x" by 
use of the relation 

(Co + CiX+ ■■■ C,_,X"-')X" = CoX" + c,x"^' + • • • + c,-,x''^''-K 
Putting 

<p = Co + CiX + ■ ■ ■ + C^_iX''~\ 

equation (6) gives 

« A A+i— 2 m / ft \ 

(6') ¥' E aX' = - S Z Ci_,a„_,^,a;" + '£ ( Z Ci-,a„_.+, )x", 

provided that either one of the series converges. Here Co, Ci, • • ■, C;._, is 
any arbitrary set of constants, and the general coefficient of the new series 
is therefore an arbitrary linear function of h successive coefficients of the 
given series. 

If in particular we put 

<p = {I — x)''~\ and a„ = rf, 
where p is a positive integer less than /i — 1, we obtain the closed sum, 

ZnV = 71— "Txzi Z L (- l)i-\CUn - i + 1)V, 

A V-*- •*'/ t=l »=A 

where „C„, denotes the coefficient of x"* in (1 + x)". 
As a check we calculate 

42.^4 + 52^5 + 62^6 + . . . = 16x^ - 23g + 9x« ^ 1^^^^^ 

which may be verified by clearing of fractions. 

Evidently (6') will give in closed form the sum of any convergent power 
series whose coefficients satisfy a known recurrent relation. 

2. The ordinary functions used for developments in series satisfy, 
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in addition to equation (1), also a relation of the fonn, 

(7) x„ -K = 7„ ^„+. + «„ i^n+., n = l, 2, 3, •■■, 

where the quantities involved are functions of x defined for each value of 
n and are continuous for all the values of x in a certain interval. The 
prime indicates the first derivative with respect to x. We assume that 
x„ does not vanish in the given interval, and that r and s are as in theorem 1. 

We make use of this relation to obtain a test for the existence of a deriv- 
ative of the function represented by a given series. In some examples we 
obtain this derivative in closed form, and an integration then gives the 
sum of the series. 

Let the first k terms of the series be 

S,,{X) = Ui iPi + Ui yp2 ■\ h % h, 

where Ui, ih, ■ ■ ■ u,. are independent of x. Then 

s'uix) = i: t^„ vn = i: 7 (7„ ^„+. + k >a„+.). 

I 1 Xn 

By the same process which gave (3), this becomes 

S[{x) =H{x)+ G,{x) + E,(x), 



where 



n=l X» 



(8) G,{x) = t ( J «„ + ^ u^^^_, ) ^„^„ 

Ruix) = - E ^u^^„^,. 

n=*+l X» 

Integrating between limits c and x we have 

S,{x) = 5,(c) + £H{x)dx + £GMdx + £ R,{x)dx. 

From this follows at once 

Theorem 2. Let c and x he two points of a closed interval {ciCi), and in 
this interval assume that 
(a) limS4(c) exists; 

(/S) Gj,(x) converges uniformly to a limit G{x) when k = oo; 
(7) lim I RJ^x)dx = 0, uniformly. 
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Then the series S «„ 4'S^) converges uniformly in (ciC^) to a function f(x) 

whose derivative is 

fix) = H(x) + G{x). 

Applications.* We shall consider cases in which </'„ is one of the 
functions X„ or J„. Equation (7) becomes respectively 

(9) (x' - 1)X: = ^^^^ (Z„,, - Z,_0 ; 

(10) 2J: = J„_, - /„+,. 

In the first case theorem 2 gives the following theorem on the convergence 
of the series 5Za„X„, and on the existence of a first derivative of the function 
represented by this series. 

Let Ci and Ca be two constants such that — 1 < Ci < &> < 1, and let c be 
a fixed point and x a variable point of the interval (ciCa) . Assume that 

(ai) the series ^ a„X^ converges when x = c; 

I 

(/3i) the series X) ^„X„ converges uniformly in {cid), where 

n{n - 1) (n + l)(n + 2) 

^"~ 2n-l ""-^ 2n + 3 ""+" 

(ti) lim-^ = 0; 

fAe« </ie series 21 <3t„X„ converges uniformly in (ciCo) <o a function f(x) having 

a continuous first derivative given by 

^'^^^ " 3{x' - \) + ^^"^=n ? ^"^»- 

For, comparing (7) and (9) we have 

/ « ,x n(n + 1) n(n + 1) , , 

x„=(x^-l);7„ = ^Jl^;5„=-^_p^;r = l;s=-l. 

The equations (8) become 
H(x)=^^iia^Xo + ia,X^), 



* Applications to trigonometric series will be found in the articles by M. Lerch and the writer 
already cited. 



48 W. C. BRENKE. 

Pf,. ■ 1 4.( n(n + l) (n + 2)(?i + 3) \ 

^A W - a;2 _ 1 4- V 2n + 1 "» 2n + 5 '^"^^ j ^"^^ 

1 r(/:+l)(fc + 2) (fe + 2)(fc + 3) -| 

«;:! ^J - ^2 _ 1 L 2^- + 3 *+' ' "^ 2k + 5 ^*+2^^+' J • 

If we note that Xo = 1 and merge the second term of H(x) with G^{z) 
we may replace these two expressions respectively by 

H{x) = 



3(a;- - 1) ' 
- 1 ^^/(n-l)n (n+l)(n + 2) \ 

By (^i) the last sum, and hence also GJx), approaches a limit uniformly 
when k = 00. We next show that (ti) is a sufficient condition for (7) 
of Theorem 2. By means of the identity 

the first of the two terms forming y^R^{x)dx m&j be written 



k + 2 C XU^ - ^ 

2/*; + 3 



% + ! / 



dx. 



Separating the integrand into two fractions and integrating each by 
parts we have, omitting the constant factor, 

X x-' - 1 ^= - 1 J. Jc (x^ - 1)== ' 



(a;2 - 1) 



dx. 



On introducing the omitted factor, each term on the right involves 
either a,,+,Xj.+i or a^^-^X^. Under condition (71) both of these products 
converge uniformly to zero in (C]C2). For in this interval we can put X„ 
in the form* 

-r^ _ ^» "T" ^n 

^^' l/« ' 

where X„ and €„ are finite and continuous functions of x with an upper 

*Brand: Les fonctions Xn de Legendre, p. 31. Bonnet: Sur le development des fonctions en 
series ordonnefe suivant les fonctions X et Y . 
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bound independent of n. Hence a constant M exists such that 

l/nX J <M. 



49 



Therefore 



I a„X„ I = 



|o»+i-X^„i = 



^Vnx\<M 
vn I 






-.S^J^L+ii^x,. <ilf J^±I|-^^ 
V n + l y n y n \vn-\-\ 



Vn + 
Hence under condition (71), 

Um a„X„ = and Hm a„+iX„ = 0. 
Therefore 

lim I iBj,(a;)da; = 

uniformly in (ciCo), and the theorem follows. 
As an example,* consider the series 

3 7 11 

2^1 + 3^^5 + 5^6^'+ ••• 

which converges to zero when x = 0. We find 



fix) = 



1 -X 



2 and fix) = h log ^ZT^ , 



in any interval lying between — 1 and + 1, and not reaching up to one 
of these points. 

Passing to series of Bessel's functions, theorem 2 may be stated as 
follows: 

Let c be a fixed point and x a variable point of any interval {cyCi) and assume 
that 

{a^ the series ^a,J„ converges when x = c; 
1 

(182) the series 2Z (a„+2 — a,)J^+^ converges uniformly in (ciC-i) ; 
1 

(72) lim a„+iJ„ = uniformly in (cid). 

Then the series ^ a„J„ converges uniformly in {ciC->) to a value f{x) having a 
1 

continuous first derivative given by 

f'{x) = K«i/o + <hJv) + i Z («„+3 - a.)J,.+v 



*Cf, Brand, 1. c, p. 99, 



50 W. C. BEENKE. 

Here conditions (a^), (fii), (72), are the equivalents of conditions (a), (;S), 
(7) of Theorem 2 respectively. 

As a simple example, let a„ = 1, n = 1, 2, • • •. Then we find that 

the series 2Z JS.x) converges uniformly in any interval to a function fix) 
1 

whose derivative is 

fix) = iiJo + Ji). 

Integrating from to x, since the series converges to when x = 0, and 
noting that 

I Jidx = 1 — Jo, 
we have 

m = t,Jn(x) - i - iJoix) + J r Jo(x)dX. 
1 Jo 

Similarly, 

i; (- 1)"+V„(X) = - J + iJo(x) + i f Jo(x)dx. 
1 Jo 

In closing we indicate another method of utilizing a relation of the form 
(7), and obtain the sum of the series 

tcV„(x) 
1 
where c is a constant. 

Let 

5,.(x) = i:cV„(a;); 
1 

calculating the expression in (8) we find 

1 

= ^-^^S,{x) + UcJo + Ji- c'^'J, - c"J,^,)- 

c^ — 1 
Putting a = — — , and solving the linear differential equation of the 

first order for S,Xx), we have, noting that SJ.O) = 0, 

S,(x) = ie"' f (cJo + Ji)e-'''dx - U'"^ \ d'icJ,, + /,,+i)e""dx. 

Jo Jo 

If we restrict x by the inequality | .f | < h, where h is any positive constant, 
the last integral approaches zero uniformly when /c = «. For, noting that 



/.= 



2"{k + 1) ! 



V 2\k + 1) ^ 2^2!(A- + l)(/c + 2) /' 
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we can take k so large that 



2'(^ + 1)!' 
or so that 



cV 



^^•^"^^2'{k + 1)!* 

By comparing the last fraction with the general term of the expansion of 
gicxi ^g ggg iixsit, for all values of x, lim c/'J^. = 0. 

Hence the limiting form of the equation for S^ (x) above is 
Z]cV„(x) = ie~' I [cJoix) + Ji(x)]e~ " dx. 

1 1/0 

When c = =t 1 this reduces to the preceding examples. 

University of Nebraska, 
September, 1910. 



